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Abstract 

We examine the third quantization of /(-R)-type gravity, based on its effective 
Lagrangian in the case of a flat Friedmann-Lemaitre-Robertson- Walker metric. 
Starting from the effective Lagrangian, we execute a suitable change of variable 
and the second quantization, and we obtain the Wheeler-DeWitt equation. The 
third quantization of this theory is considered. And the uncertainty relation of the 



O^l universe is investigated in the example of /(i?)-type gravity, where f{R) = R^- 

5-1 ' It is shown, when the time is late namely the scale factor of the universe is large, 

the spacetime does not contradict to become classical, and, when the time is 
. early namely the scale factor of the universe is small, the quantum effects are 

^ ! dominating. 

m : 1 Introduction 

^ ■ Since the discovery of the accelerated expansion of the universe [1, 2, 3], much attention 

^ . has been attracted to the generalized gravity theories of the /(i?)-type[4, 5, 6]. Before the 

discovery, such theories have been interested in because of its theoretical advantages: The 
theory of the graviton is renormalizable. [7, 8] It seems to be possible to avoid the initial 

K^ I singularity of the universe predicted by the theorem by Hawking. [9] [10] And inflationary 

H ■ model without inflaton field is possible. [11] 

■ ■ ■ On the other hand quantum cosmology is a quantum theory of the universe as a whole, 

and this is described by the Wheeler-DeWitt equation, which is a differential equation on the 
wave function of the universe. [12] The quantum cosmology of the /(-R)-type gravity has been 
already studied. [13] However, it is well known that, in general, the Wheeler-DeWitt equation 
has the problem that the probabilistic interpretation is difficult as in the case of the Klein- 
Gordon equation. One of the proposed ideas to solve this problem is the third quantization 
in analogy with the quantum field theory. [14] Then the third-quantized universe theory 
describes a system of many universes. Third quantization is useful to describe bifurcating 
universes and merging universes, if an interacting term is introduced in the Lagrangian for 
the third quantization. 

In this work we examine the third quantization of the /(/?)-type gravity. We start from 
the effective theory of the f{R)-tjpe gravity in a flat Friedmann-Lemaitre-Robertson- Walker 
metric. Then a suitable change of variable is performed and the Wheeler-DeWitt equation 
is written down. Quantizing this model once more, we obtain the third-quantized theory of 
f{R)-tjpe gravity. The Heisenberg uncertainty relation is investigated in a feasible model of 



the /(-R)-type gravity, where f{R) = R^- It will be shown, when the time is late namely the 
scale factor of the universe is large, the spacetime does not contradict to become classical, 
and, when the time is early namely the scale factor of the universe is small, the quantum 
effects are dominating. 

In section 2, the effective theory of /(i?)-type gravity in the case of a flat Friedmann- 
Lemaitre-Robertson- Walker metric is summarized . In section 3, the third quantization of 
this theory is considered. In section 4, the uncertainty relation is studied in the example of 
/(/?)-type gravity, where f{R) = R^- Summary is given in section 5. 

2 Generalized gravity of /(i?)-type 

Generalized gravity of /(i?)-type is one of the higher curvature gravity in which the action 
is given by 

S = j d^xC = f d^Xy/^f{R). (2.1) 

The spacetime is taken to be 4-dimensional. Here g = det g^j^i, and R is the scalar curvature. 
Field equations are derived by the variational principle as follows 



nR)R,, - -f{R)g^u - V^NufiR) + g^^u^fiR) = 0, 



(2.2) 



df{R) 



where f'{R) = ^^-^i V^ is the covariant derivative with respect to g^^y and □ = g^'^V f^V y. 
Let us consider the next action 



S 



d'xy^ f{<P) + f{<P){R-cP) 



(2.3) 



where f"{4>) 7^ 0. It is well known that the field equations of this action are Eq.(2.2) in 
which f{R) is replaced with /(0) and the following equation 



R 



(2.4) 



If we substitute Eq.(2.4) into Eq.(2.3), we formally obtain Eq.(2.1). 

In order to make things simple, let us consider the case of a flat Friedmann-Lemaitre- 
Robertson- Walker metric, [15] 



ds'^ = -df + a^{t) ^{dx 

k=l 



k\2 



Then the scalar curvature is written as 



a a?' 



R = Q\- + ^ , 



a a^ 



(2.5) 



(2.6) 



with a = §. Substituting Eqs.(2.5),(2.6) into Eq.(2.2), we obtain 



H' 



2H + 3H^ 



1 



3f'{R) 
1 



Rf{R)-f{R))-3HRf{R) 



f'iR) 



f"\R)R? + 2HRf"{R) + Rf\R) + -{f\R) - Rf{R 



(2.7) 
(2.8) 



where H = - . 

a 

Using Eqs.(2.5),(2.6), we can write Eq.(2.3) as 



Seff = / d^x[a-^f{(f)) - 6f"{<f))<pa'd - 6/'(0)aa' - /'(0)0a^J = / d^xCejj, (2.9) 

where the partial integration has been apphed. The classical equations of motion can be 
derived from the following equations 

dC^ff ddC^ff ^^^ ^2.10) 



da dt da 

dCeff d dCef 



d(j) dt 
Eqs.(2.6),(2.11) give 



0. (2.11) 



a a 



We can obtain Eq. (2.8) from Eqs.(2.10),(2.12). The canonical momenta for a and 4> are 
defined as 

Pa = ^^ = -12ad/'(0) - 6a'f"m = -Qa\2Hf\<P) + r(0)0), (2.13) 

a 

P4> = ^ = -Qa^dficP) = -Qa^Hf{(P). (2.14) 

So the Hamiltonian is written as 

Heff = Pad + P,p<j) - ^eff, 

The time reparametrization invariance means 

-Heff = 0. (2.16) 

This equation gives Eq. (2.7). Therefore Cgjj can be regarded as the effective Lagrangian 
for Eq. (2.1) when the metric is given by Eq. (2.5). 

3 Third quantization 

Now let us make the change of variable as follows: 

^ = V^((/>)= In /((/>), /'(0) = e^ = /-i(e'^). (3.1) 

Then the Lagrangian and canonical momenta become 

Ceff = -Qadh^ - Ga^de^vJ - a^f'-\e^)e^ + a^f(^f''\e^)) , (3.2) 

p^ = ^^ = -12ade'^ - Qa^e^if, (3.3) 
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Pv' 



dC 



eff 



dip 



Sa^ae'^. 



(3.4) 



So the Hainiltonian can be written as 



Pi 



PaPv 



+ a'f'-\e^)e^-a^f{r\e^) 



If we multiply Ga^e*^ to Eq. (3.5), the Hamiltonian constraint becomes 

pI 

a 
Substituting 



(3.5) 



^ - PaP., + 6a V(e'^)e2'^ - 6a^e'^/(/~^(e'^)) = 0. 



d 

Pa -^ -^TT, 

oa 
we obtain the Wheeler-DeWitt equation 

1 d^ij d^ip 



d 



(3.6) 
(3.7) 



a d(fi'^ dad(f 



+ Qa^f'-\e^)e^^ij - 6a^e^f(^f'-\e^))ij = 0. 



(3.^ 



Here i/j is the wave function of the universe. 

The action for the third quantization to yield the Wheeler-DeWitt equation (3.8) is 



S: 



3Q 



dadip- 



1 f dip\ dtp dtp 
a \ dip J da dip 



+ 6aT\e'^)e^^i{j^ - 6a''e'^f(f'-\e'^))ij^ 



JdadifCsQ. 



' (3.9) 



If we consider a to be the time coordinate, the canonical momentum which is conjugate to 
ip is written as 

dCsQ 1 dip 

P^- 



d^ 2 dip' 



(3.10) 



da 



The Hamiltonian is given by 



dip 



(3.11) 



= -^pI - 3aV"He^)e^'^V'^ + 3a^e^f[f'-\e'P))iP^. 
In order to third quantize this system we impose the equal time commutation relation 

[ip{a, ip),p^{a, ip')] = i6{ip - ip'). (3.12) 

We use the Schrodinger picture, so we take the operator ip{a, ip) as the time independent 
c-number field ip{(p), and we substitute the momentum operator as 



p^{a,ip) -> -i 



d 



dip{^) ■ 



Then we obtain the Schrodinger equation 



'*=«»*■ 



(3.13) 



(3.14) 



that is 

da 



2f d V 



3a'f-\ene'^ij\v) + 3a'e^f{f'-\en)i^'{v) 



a yd'ipi^ip) ) 
where \1/ is the third quantized wave function of universes. 



^, (3.15) 



4 Uncertainty relation 

We assume the Gaussian ansatz for the solution to the Schrodinger equation (3.14) 

^(a, (^, ^((/?)) = Cexp {-2^(a, ^)Vl'{^) - ??(«, V^)]' + iB{a, ^)[i^{^) - r]{a, (^)]| , (4.1) 

where A{a, ip) = D{a, ip) + i/(a, Lp). The real functions D(a, (/?), /(a, (/?), B{a, tp) and 77(0, (/?) 
should be determined from Eq. (3.15). C is the normalization of the wave function. The 
inner product of two functions \l'i and \1'2 is defined as 

(^1, ^2) = / di^{ip)^l{a, cp, ij{^))^2{a, cp, ^(^)) (4.2) 

Let us calculate Heisenberg's uncertainty relation. The dispersion of '0(v^) is defined as 
{Ai){ip)y = {tp^iifi)) - {'>p{^)f- From Eqs. (4.1), (4.2) we have 

2D{a,(p) 
then 

i^Hv)? = TtJ—y (4-4) 

2D{a,ip) 

Similarly the dispersion oi p^{(p) is defined as {Ap^{(p))^ = {p^^^p)) — (p^((/?))^, so we obtain 
{Plm = ^^ + 0^^ + B\a, ^), {p4^)) = B{a, ^), (4.5) 



then we have 



Therefore the uncertainty relation can be written as 

(A,(,)«Ap,(,))^4(l.;^). (4.7) 

Note that to evaluate (4.7), only A{a,(p) is necessary. However, to solve the general 
equation for A{a, Lp) is difficult, so let us take a feasible example such as 

f{R) = R\ (4.8) 

In this case 

/'(/?) = 2i? = e^ r\e^) = R=-, /(/'-i(e^)) = — . (4.9) 



The Schrodinger equation (3.15) becomes 



da 



d 



a \d'ip{(p) ^ 



'-a'e'-i^\v) 



^. 



Substituting the ansatz (4.1) into Eq. (4.10), we obtain 



Writing 



we have 



2 da "a^^^''^^ 4^'' ' 



1 ^ 

lna = -, 





_3i^i|l^ = 2.4=K^)-?e"e'-. 



In order to solve this equation, let us write 



A{a,^) 



3i 51n-u(Q;, tp) 



2 da 
where u{a, (/?) is a suitable function. Then u{a, Lp) must satisfy the equation, 

^2„ 



^^i5^.ie»^e".K„^0. 



Now we write 



and we have 



z = 2\ 



3ippa 



I g^v-g. 



d'^u{z,Lp) ldu{z,(p) 



+ u{z,(p) = 0. 



(4.10) 



(4.11) 

(4.12) 
(4.13) 

(4.14) 



(4.15) 



(4.16) 



dz"^ ' z dz 

As this equation can be regarded as the ordinary differential equation with respect to z under 
the assumption that ip is fixed other than in z, this is the case when z/ = in the following 
Bessel's equation 



(fu{z) 1 du{z) 
dz"^ z dz 

Therefore we have the solution 



+ 1 



V 



u{z) = 0. 



u{z, (p) = cj{(p)Jo{z) + cy{p)Yo{z), 



(4.18) 



(4.19) 



where Jq, Yq are the Bessel functions of order and cj, cy are arbitrary complex functions 
of ip. 

From Eqs. (4.9), (4.12), (4.14), (4.16), (4.19), we can obtain z = -^R^a^, V? = ln(2i?) and 



_ .3z cj{(p)Ji{z) + cy{v)Yi{z) 
^'''^' '4cj{^)Mz) + cy{v)Yo{z)' 

where we have used Jq{z) = —Ji{z), Yq{z) = — yi(2;)[16]. 



(4.20) 
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Since A{z, ip) = D{z, ip) + il{z, tp) , we can derive 

3i 



D{z,ip) 



An\cjiip)Joiz) + CYiv)Yoiz)\^ 
where we have used Jo{z)Yi{z) — Ji{z)Yo{z) = — ;^[16], and 
I{z,v)= '^ 



[Cj{ip)cl.{ip) -c}((/9)cy(^)], 



(4.21) 



■X 



8\cj{.p)Jo{z)+CY{'p)Yo{z)\^ 

2\cj{ip)\^Jo{z)Ji{z) + 2\cy{^)\^Yo{z)Y,{z) 
+ {cj{if)cUv) + c*J{if)cY{ip)){Mz)Y^{z) + Mz)Yo{z)) 



(4.22) 



So if we assume cj{ip)cp{ip) — c}((/3)cy((/9) 7^ (Note that in this case both oi cj{ip), cyi^ip) 
are nonzero.), we can obtain 



D^{z,^) 



■X 



4[c7(</3)cJ,((/3)-C*((p)cy(l/5)]2 

2\cj{v)\^Jo{z)Mz) + 2\cy{^)\^Yoiz)Y^{z) 



(4.23) 



+ {cj{v)c*y{v) + c}((/.)cy(^))(Jo(^)Fi(z) + Mz)Yo{z)) 
When the time is late namely a — > 00 i.e. z — )■ cxd, 



[16] we have 



^o(^) 
>'o(^) 



D'2(z,ip) 



COSlZ — -r 

TTZ ^ 4 ' 



sm 2; — ^ 



Mz) 



smiz — -7 

TTZ ^ 4 ' 



COSI2; — y 

TTZ ^ 4 ' 



[(|c,/(y')P-|cy(y>)P)cos(2z)+(cj(y)c;.(y)+c}(y>)cy(vp)) 8111(22)]" 



[C J (V)cy (V) -C} (¥')cy (VP)] 2 



(4.24) 



0(1). 



This and Eq. (4.7) mean that when time is late that is in the course of the universe expansion 
namely a — )■ 00, the spacetime does not contradict to become classical. 
On the other hand when the time is early namely a ^ i.e. z ^ 0, 



Uz) 
Yo{z) 



[16] we obtain 



D\z,ip) 



1-f, Ji{z) 



iH+r 



16|cy(v9)r 



2' 

Yiiz) 



TV 



'[Cj{ip)c*y{ip) - C*j{ip)cYiipW 



1 -2 \2 

m - + 7I ~ 00, 



(4.25) 



where 7 is a constant. This and Eq. (4.7) mean that the fluctuation of the third quantized 
universe field becomes large when the time is early namely a — > 0. Therefore the quantum 
effects are dominating for the small values of the universe radius. 
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5 Summary 

In this work the third quantization of the /(i?)-type gravity is investigated, when the metric 
is a flat Friedmann-Lemaitre-Robertson- Walker metric. The Heisenberg uncertainty relation 
is investigated in a feasible model of the /(i?)-type gravity, that is f{R) = R^ . It has been 
shown in this model, when the time is late namely the scale factor of the universe is large, 
the spacetime does not contradict to become classical, and, when the time is early namely 
the scale factor of the universe is small, the quantum effects are dominating. As a future 
work, it will be interesting to investigate a more realistic model such as f{R) = R + cR^, 
where c is a constant. 
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Note added 

After this work has been done, we have been notified the recent papers on the third quanti- 
zation [17, 18, 19] by their authors. In Ref. [17] the third quantization of f(R) gravity was 
also investigated. 
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